Abstract. Following the construction from [9] we generalize the Grigorchuk's overgroupG, studied in [1] to the family {Gω, ω ∈ Ω = {0, 1, 2} N } of generalized Grigorchuk's overgroups. We consider these groups as 8-generated and describe the closure of this family in the space M 8 of marked groups.
Introduction
Grigorchuk's space M k of marked groups with k(≥ 2) generators was introduced in 1984 [9] . It is a totally disconnected, compact metric space with complicated structure of isolated points as shown by Y. de Cornulier, L. Guyot and W. Pitsch [6] and non-trivial perfect kernel K that is homeomorphic to a Cantor set. The space was studied in [8, 5] .
The space of marked groups was used by Grigorchuck to show that his family {G ω } ω∈{0,1,2} N of groups of intermediate growth constructed in [9] consist of infinitely presented groups (when ω is not virtually constant). Also, a modification of the construction lead him to show in [9] , that the family is closed and perfect subset of M 4 and hence is homeomorphic to a Cantor set.
The further investigations showed usefulness of these spaces M k , k ≥ 2 for study of group properties and use for constructions in group theory, in particular to study of IRS (invariant random subgroups) on a free group and other groups [4, 3] .
Let Ω 2 ⊂ Ω = {0, 1, 2} N be the set consisting of virtually constant sequences. If ω ∈ Ω \ Ω 2 , then G ω has intermediate growth (between polynomial and exponential growth) as shown in [9] . In [9] it was shown that the closure of the set X = {G ω |ω ∈ Ω \ Ω 2 } in M 4 , denoted by cl(X ), is a closed set without isolated points (hence homeomorphic to a Cantor set) and cl(X ) \ X is a countable set consisting of virtually metabelian groups, one such group Γ ω for each ω ∈ ω 2 . So, cl(X ) = X ∪ {Γ ω |ω ∈ Ω 2 } = Cantor set.
In [1] , Bartholdi and Grigorchuk investigated the groupG (known as the Grigorchuk's overgroup) whose definition is similar to the first Grigorchuk group G = G (012) ∞ . It contains G, fail to be torsion (in contrast with G), but has intermediate growth and share with G many properties (like to be branch, self-similar, just infinite, etc). The groupG is important, in particular because as is shown by Y. Vorobets (private communication), it constitute a big part of the topological full group [[(Λ, T )]] of substitutional dynamical system (Λ, T ) generated by the Lysenok's substitution σ : a → aca, b → d, c → b, d → c, where T denotes the shift map in the space Λ = {a, b, c, d} Z . In this article we, analogously to [9] , introduce a family {G ω |ω ∈ Ω} of generalized overgroups and describe the structure of the closure of the set Y = {G ω |ω ∈ Ω} in M 8 , which happen to be more complicated than in the case of classical Grigorchuk groups.
Let Ω 0 , Ω 1 ⊂ Ω, where Ω 0 is the set of all sequences with all three symbols occurring infinitely often and Ω 1 = Ω \ (Ω 0 ∪ Ω 2 ) is the set of all sequences with exactly two symbols occurring infinitely often. We show,
β is a Cantor set and Y 2 = {G ω |ω ∈ Ω 2 } is the set of isolated points.
and Y 2 β will be described in section 4 using algorithms α, β ij defined in 3.1.
It is worth to mention that the limit groups that appear in [9] are of the lamplighter type and one of them ("building block") is a 2-extension of the lamplighter group L = (Z/2Z) ≀ Z [2] . In our situation the lamplighter group also plays an important role and the "building blocks" constitute the group L as well as (Z/2Z) 3 ≀ Z. The Cantor-Bendixson rank is an invariant of topological spaces. It is the least ordinal at which the removal of isolated points makes no change to the space. If the topological space is Polish (complete, metrizable and separable), then the Cantor-Bendixson rank is countable [10] . We will see that the CantorBendixson rank of the closure of Y is 1 as a consequence of theorem 1.
preliminaries
We will be using following notations; Ω, sequences of three symbols 0, 1, 2, and Ω 0 , Ω 1 , Ω 2 subsets of Ω, where Ω 0 the set of all sequences with all three symbols occurring infinitely often, Ω 1 the set of all sequences with exactly two symbols occurring infinitely often, and Ω 2 the set of all eventually constant sequences. Also let σ : Ω → Ω be the left shift. i.e. (σω) n = ω n+1 .
2.1. Generalized Grigorchuk's Groups G ω and Generalized Grigorchuk's OvergroupsG ω . Consider the labeled binary rooted tree T 2 [see figure 1 ]. For each vertex v, let I be the trivial action on v and let P be the action of interchanging the vertices v0, v1 and acting trivially on these two vertices. We identify an infinite sequence {a n } of P, I with the element g ∈ Aut(T 2 ) such that g · (1 n−1 0) = a n . We define a to be the element acting on the root as P and trivially on other vertices and x to be the element (P, P, . . .).
For ω ∈ Ω, identify elements b ω , c ω , d ω with sequences {b n }, {c n }, {d n }, respectively, where
Further defineb ω := xb ω ,c ω := xc ω andd ω := xd ω . Note that all these elements are involutions and all except a commute with each other. The generalized Grigorchuk's group G ω , introduced in [9] , is the group generated by elements a, b ω , c ω , d ω and the generalized overgroupG ω , is the group generated by a, b ω , c ω , d ω , x. G ω ⊂G ω and it is useful to viewG ω as the group generated by elements a,
where a typical element g ∈G ω can be represented in reduced form (a) * a * a . . . a * a * (a) where first and last a can be omitted and * s represent generators other than a, using simple contractions;
(1) and g ∈H ω if and only if g has even number of a's. There is a natural embeddingψ ω fromH ω intoG σω ×G σω given byψ ω (g) = (g| 0 , g| 1 ), where g| v is the restricted action on rooted tree with root v, for v = 0, 1. We will omit subscript ω if there is no ambiguity.
2.2.
Grigorchuk's Space of Marked Groups. The Grigorchuk's space of marked groups with k generators M k , introduced in [9] is the space consisting of tuples (G, S) where S is an ordered set of k elements generating the group G, together with the topology generated by the metric
where n is the largest integer such that the balls of radius n centered at identity of the Cayley graphs of (G 1 , S 1 ) and (G 2 , S 2 ) are identical.
Let {G n } be a sequence of groups in M k and let G ∈ M k . We denote G n ⇒ G if {G n } converges to G under the metric topology of M k . 3.2. Modified Overgroups. Here we will introduce new collection of groups using the algorithms described above, named modified overgroups, similar to modified Grigorchuk groups G α ω introduced in [9] . (The notation used in [9] isG, which is already taken to overgroups in this text.)
Modified Overgroups
For ω ∈ Ω, define modified overgroupG ω α as follows:G α ω is generated by eight elements Proof. Note that if ω ∈ Ω 0 , then for any n, each element inG σ n ω of length 1 will never the identity. Therefore, W = 1 inG α ω ⇐⇒ W = 1 inG ω , and so the modified overgroupG α ω is the same as generalized overgroup. If ω ∈ Ω 1 ∪ Ω 2 , then for some N , σ N ω contains at most two symbols. Say σ N ω does not contain 2. Thenb σ n ω = 1 inG σ n ω , but in modified overgroupG α σ n ω it is not identity. ThereforeG ω =G α ω . But any relation inG α ω is in fact a relation inG ω and therefore,G α ω surjects ontoG ω . If ω ∈ Ω 1 with finitely many k's, then each element inG σ n ω of length 1 will never the identity, unless it is e ij . Therefore, W = 1 inG βij ω ⇐⇒ W = 1 inG ω , and so the modified overgroupG βij ω is the same as generalized overgroup. If ω ∈ Ω 2 , then for some N , σ N ω contains only one symbol. Say σ N ω contain only 0's. Thenc σ n ω = 1 inG σ n ω , but in modified overgroupG β01 σ n ω it is not identity. ThereforeG ω =G βij ω . But any relation inG βij ω is in fact a relation inG ω and therefore,G βij ω surjects ontoG ω .
The following proposition is useful in comparing two groups. Proposition 3. Let r ∈ N and let ω, η ∈ Ω such that ω i = η i for each i ≤ N , where N > log 2 (2r).
(1) If ω, η have all three symbols after the N -th position, then the balls of radius r of Cayley graphs of G ω ,G η are identical. Proof.
(1) We will say two words W, X of alphabets of generators ofG ω ,G η , are equal if their corresponding letters match. Let W, X be equal words of length at most 2r. 
This together with the fact that ω has all three symbols implies that W i1i2...iN = 1 as a word. Also note that all the words W i1i2...iN are described by first N symbols of ω and since first N symbols of ω and η are equal, X = 1 inG η . Therefore we prove (1).
(2) The same argument as of (1) works, since no word of length 1 is identity inG The modified overgroups behave nicely under limits.
Corollary 3.1. Let {ω (n) } be a sequence in Ω and let ω ∈ Ω. Then,
If there is an N such that no k appear after the N -th position of each of {ω (n) }, then
Proof. Since ω (n) → ω, we can pick an ω (n) satisfying hypothesis in lemma 3, and using lemma 3 we get balls of radius k of Cayley graphs ofG 3.3. Modified overgroups for some ω ∈ Ω. Now we will look at the modified overgroups and see what they look like.
α . We will drop the subscript 0 ∞ and superscript α for the
Then there is an embedding ψ :H →G ×G, given by
be the normal closure of {d,b,c} inG. Note that each element of {d,b,c} commutes with each other and for each * ∈ {d,b,c}, * = (1, * ) and * a = ( * , 1).
To prove this lemma, we will use induction on word length |g| + |h| to show ⋆ g * h = * h ⋆ g for each ⋆, * ∈ {d,b,c}, where g, h ∈G.
Base case 1: |g| = |h| = 0, trivial. Base case 2: |g| = 0 and |h| = 1. So g = 1. If h = a then * h = * and so
. So this case reduce to a previous one.
The statement is true for |g| + |h| < n. Induction step: Let g, h ∈G such that |g| + |h| = n. This can be break into three cases. Case I: g, h ∈H. Then g = (g 0 , g 1 ) and h = (h 0 , h 1 ), where
∈H. We may assume g, h are of the form, (a) * a * . . . * a where first a may be omitted, since
is of lesser length. Now ga, ha ∈H, ga = (g 0 , g 1 ), ha = (h 0 , h 1 ) and
, by using induction hypothesis. This proves the lemma. 
This process should eventually come to an end, since W 0 W 1 has one less element from {d,b,c} than W . Therefore D ≤ T . This proves the lemma. Now let s n , t n , u n defined as follows:
Note that T = s n , t n , u n |n ∈ N . Direct calculation yields, if v ∈ {s, t, u},
From this we can see that {s n , t n , u n |n ∈ Z} are mutually disjoint, therefore
For v ∈ {s, t, u} we can see that v ba n = v n+1 , for each n ∈ Z. Therefore the generator of < ba > acts on D by shifting its generators. Since ψ((ba)
2 ) = (ab, ba), the element ba is of infinite order. We will show that D and < ba > intersects trivially. Suppose not. Then u 1 u 2 . . . u k = (ba) n where u i 's are some elements from {s n , t n , u n |n ∈ Z}. Since D ⊂H, we can apply ψ to it. In fact we can apply ψ to each coordinate and by this process, we get (ba) m = 1 for some m, which is impossible, since ba is of infinite order. So D ∪ ba = 1 . So, K = D ⋊ ba is isomorphic to Z Proof. To simplicity, we will showG 
Using algorithms α and β 01 , we can show that f is well defined group isomorphism. G α 0 ∞ is virtually Z 2 ≀ Z by [2] .
In a similar flavor to proposition 3.4, we get following result. 
4.G ω ∈ M 8
Here we introduce notations for some subsets of M 8 . is the set of isolated points. The space M 8 is a totally disconnected compact metric space. Let us recall that any non empty, totally disconnected, compact, perfect metric space is homeomorphic to the Cantor set. By corollary 4.5, Z homeomorphic to the Cantor set.
